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ON THE IRREDUCIBLE COMPONENTS OF THE
COMPACTIFIED JACOBIAN OF A RIBBON
MICHELE SAVARESE
Abstract. In this paper we study the irreducible components of
the compactified Jacobian of a ribbon X of arithmetic genus g over
a smooth curve Xred of genus g¯. We prove that when g ≥ 4g¯ − 2
the moduli space of rank 2 semistable vector bundles over Xred
is not an irreducible component and we determine the irreducible
components in which it is contained. This answers a question of
D. Chen and J.L. Kass in [CK] and completes their results.
The aim of this short paper is to answer to [CK, Question 4.8], so
the conventions and notations are the same of the cited place. Let us
recall them.
A curve is an irreducible projective k-scheme of dimension 1, where k
is an algebraically closed field; while a ribbon is a curve whose reduced
subscheme is a smooth curve and whose nilradical is locally generated
by a nonzero and square-zero element. In other words it is a primitive
multiple curve of multiplicity 2 in the sense of [D]. Observe that this
definition of ribbon is more restrictive than others present in literature;
e.g. in [BE, §I] irreducibility, projectiveness and dimension 1 are not
required and the reduced subscheme is just connected.
Throughout this article X will denote a ribbon and N ⊂ OX its
nilradical. It is immediate to check that N can be seen as a line
bundle on Xred and that its degree on Xred is deg(N ) = 2g¯ − 1 − g,
where g¯ is the genus of Xred and g = 1− χ(OX) is the genus of X .
A generalized line bundle I on X is a pure (i.e. not having proper
subsheaves of finite support) coherent sheaf whose generic stalk Iη
is isomorphic to OX,η, where η is the generic point of X (in other
words it is a generalized divisor in the sense of Hartshorne, because on
primitive multiple curves pure is equivalent to reflexive). Its degree is
deg(I ) = χ(I ) − χ(OX), while its index b(I ) is the length of the
torsion part of its restriction to Xred. This is the definition of index
given for any pure coherent sheaf on a ribbon in [D, §6.3.7], which is
equivalent to the more involved one given in [CK, Definition 2.7], that
is specific for generalized line bundles. It is easy to check that b(I ) is
a non-negative integer. Moreover, it holds also that deg(I )− b(I ) is
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an even number; more precisely deg(I )− b(I ) = 2 deg(I ), where I
is the unique line bundle on Xred such that I |Xred = I ⊕ T with T
a torsion sheaf (see [CK, Fact 2.8] and its reference; note that in the
statement of the cited fact there is a typographical error: b(I ′) should
be deg(I )).
Chen and Kass study the moduli space M(OX , Pd) of semistable pure
coherent sheaves of generic length 2 on X of fixed degree d. They show
that the points of M(OX , Pd) correspond either to S-equivalence classes
of semistable generalized line bundles of degree d or to those of direct
images on X of semistable rank 2 vector bundles of degree e = d +
deg(N ) onXred. Observe that M(OX , P0) is a natural compactification
of the Jacobian of X when the line bundles on X are stable, (i.e. when
g ≥ 2g¯, by [CK, Lemma 3.2]).
The main results about its global geometry are the following:
Fact 1.
(i) Let j be an integer of the same parity of d such that 0 ≤ j ≤
− deg(N ) − 1 = g − 2g¯ and let Z¯j be the closure of the lo-
cus of stable generalized line bundles of index j. Then Z¯j is a
g-dimensional irreducible component of M(OX , Pd) and any ir-
reducible component containing a stable generalized line bundle
is of the form Z¯j for some j.
(ii) Let M(2, e) be the moduli space of semistable rank 2 vector
bundles of degree e on Xred. Then
(a) If g ≤ 2g¯ − 1 (i.e. deg(N ) ≥ 0), it holds that M(OX , Pd)
is equal to M(2, e).
(b) if g > 2g¯ − 1 (i.e. if deg(N ) < 0), all the irreducible
components of M(OX , Pd) contain a stable generalized line
bundle, except at most one, which is M(2, e), if it exists.
If g¯ ≤ 1, then M(2, e) is not an irreducible component
of M(OX , Pd). On the other hand it is so if g¯ ≥ 2 and
g ≤ 4g¯ − 3, i.e. deg(N ) ≥ 2− 2g¯.
The first point of the fact is a restatement of [CK, Theorem 4.6]
(observe that we have rescaled the irreducible components there treated
to make more apparent what they are: in the notation of [CK] Z¯j
would be Z¯i with i = [j/2] + 1). The second one is a reformulation of
[CK, Theorem 4.7]. These results had already been stated, although
without proof, in [DEL, Theorem 3.2(i)] in the particular case in which
the normal bundle of Xred in X , i.e. N
−1 is the canonical line bundle
of Xred. In the same article it was also pointed out that the analysis
there developed holds in general for N −1 of sufficiently large degree.
It is time to state explicitly [CK, Question 4.8]:
Question 1. Assume that g¯ ≥ 2 and g > 4g¯ − 3, or equivalently
deg(N ) < 2− 2g¯. Is M(2, e) an irreducible component of M(OX , Pd)?
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The answer is negative. In order to prove that, it is sufficient to
show that, under these hypotheses, the direct image of any semistable
rank 2 vector bundle of degree e on Xred deforms to a generalized line
bundle of degree d on X . The following fact collects the ingredients of
the proof.
Fact 2. Let C be a smooth curve of genus g¯ on k and let E be a rank
2 vector bundle of degree e on it. Then the following hold:
(i) s(E) := e− 2max{deg(L)|L ⊂ E is a line bundle} ≤ g¯; equiv-
alently if M is a maximal line subbundle (i.e. a line subbundle
of maximal degree) of E then deg(M) ≥ (e−g¯)/2. In particular
if E is semistable (resp. stable) then (e−g¯)/2 ≤ deg(M) ≤ e/2
(resp. (e− g¯)/2 ≤ deg(M) < e/2).
(ii) For a general semistable E, it holds that
s(E) =
{
g¯ − 1 if e− g¯ is odd
g¯ otherwise.
In the second case, i.e. s(E) = g¯, the maximal line subbundles
of E constitute a subscheme of dimension 1 in Pic(e−s(E))/2(C).
(iii) Let X be a ribbon such that Xred = C, let N be its nilradical
and let b a non-negative integer of the same parity of d = e−
deg(N ). The direct image on X of E deforms to a generalized
line bundle I of degree d and index b if and only if there exists
a line bundle L ⊂ E of degree (e + deg(N ) + b)/2 and such
that Hom((E/L)⊗OC N , L) 6= {0}.
The first point is equivalent to a classical result about ruled surfaces,
that had already been proved by C. Segre (obviously over C, see [S])
and had been rediscovered by M. Nagata (see [N]); it can be found in
this form in [LN]. The first part of the second one is an immediate
consequence of [LN, Proposition 3.1], while its second part is [LN,
Corollary 4.7], although it has originally been proved in the context
of ruled surfaces by M. Maruyama (see [M]). The third assertion is a
restatement of [D, The´ore`me 7.2.3] (observe that in the cited article
J.-M. Dre´zet works over C, but his arguments can be applied to curves
over any algebraically closed field).
The following theorem is the main result of the paper.
Theorem 1. Let X be a ribbon of genus g such that g¯ ≥ 2, where g¯ is
the genus of Xred. If g ≥ 4g¯ − 2 (or equivalently deg(N ) ≤ 1 − 2g¯),
then the direct image on X of any rank 2 vector bundle E of degree
e on Xred deforms to a generalized line bundle I (h) on X of degree
d = e− deg(N ) and of index bE(h) = − deg(N )− s(E)− 2h for any
integer 0 ≤ h ≤ [(− deg(N )− s(E))/2]. Moreover E is (semi)stable if
and only if I (0) is (semi)stable and these equivalent conditions imply
that I (h) is stable for any 1 ≤ h ≤ [(− deg(N )− s(E))/2].
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Proof. Let E be a vector bundle as in the hypotheses, set δ = deg(N ) =
2g¯−g−1 (so under our assumptions it is a negative integer), s = s(E)
and b(h) = bE(h) = −δ − s− 2h.
By Fact 2(iii) the assertion is equivalent to the fact that b(h) is
non-negative and that there exists a line bundle L(h) ⊂ E of degree
(e+ δ + b(h))/2 such that Hom((E/L(h))⊗N , L(h)) 6= {0}.
Let us begin with h = 0. ConsiderM ⊂ E a maximal line subbundle;
by Fact 2(i) it holds that
deg(M) =
e+ δ + b(0)
2
=
e− s(e)
2
≥
e− g¯
2
>
e+ δ
2
,
where the last inequality holds because g > 4g¯ − 2 is equivalent to
δ < 2 − 2g¯ ≤ −g¯ (recall that g¯ ≥ 2). Hence b(0) is a non-negative
integer, as desired.
Thus it is sufficient to show that Hom((E/M) ⊗N ,M) 6= {0}. It
is immediate to verify that M is a saturated subsheaf of E, being a
maximal line subbundle, hence E/M is a line bundle on Xred. So it
holds that Hom((E/M)⊗N ,M) ∼= H0(Xred, (E/M)
−1 ⊗N −1 ⊗M).
The latter is surely nontrivial if deg((E/M)−1⊗N −1⊗M) = −s−δ ≥
g¯, by Riemann-Roch formula. This is true if either g > 4g¯ − 2 (i.e.
δ ≤ −2g¯) or g = 4g¯ − 2 (i.e. δ = 1 − 2g¯) and s < g¯. In the first case
it holds that −s− δ ≥ −g¯ − δ ≥ g¯, where the first inequality is due to
Fact 2(i), asserting that s ≤ g¯. In the second case it is immediate that
−s− δ > −g¯ − δ ≥ g¯ − 1.
By Fact 2(i), it remains only the case δ = 1 − 2g¯ and s = g¯, in
which E is a general stable rank 2 vector bundle on Xred. Set F (M) =
(E/M)−1 ⊗N −1 ⊗M . It holds that deg(F (M)) = −s − δ = g¯ − 1,
so h0(F (M)) > 0 if and only if F (M) belongs to the theta-divisor of
Picg¯−1(Xred), which is ample. By the last assertion of Fact 2(ii) there
exists a 1-dimensional family of maximal line subbundles of E and
so the map M → F (M) defines a curve in Picg¯−1(Xred) (by the fact
F (M)⊗N = M2⊗ (det(E))−1, hence F (M) 6= F (M ′) for two generic
maximal line subbundles M and M ′). Thus by the ampleness of the
theta-divisor the intersection of this curve with it is not zero; hence we
can conclude that there exists at least one maximal line subbundle M
such that F (M) belongs to it.
Now consider 1 ≤ h ≤ [(−δ − s)/2]. By the previous part it holds
that b(0) = −δ − s is non-negative, therefore also b(h) = b(0) − 2h is
non-negative.
Let M be, as above, a maximal line subbundle of E such that
Hom((E/M) ⊗N ,M) 6= {0} (in other words such that (E/M) ⊗N
can be seen as a line subbundle ofM , because any non-trivial morphism
between line bundles is injective) and let L(h) ⊂M a line subbundle of
degree (e+ δ + b(h))/2. It is immediate to verify that the torsion-free
part of E/(L(h)) is just E/M , hence Hom((E/L(h)) ⊗ N , L(h)) =
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Hom((E/M) ⊗ N , L(h)). It is clear that there exists an L(h) ⊂ M
such that Hom((E/M) ⊗ N , L(h)) is not trivial if and only if there
exists an L(h) ⊂M containing (E/M)⊗N ; this holds if and only if
deg((E/M)⊗N ) =
e + s+ 2δ
2
≤ deg(L(h)) =
e− s− 2h
2
,
which is equivalent to h ≤ −δ−s. Requiring also that b(h) ≥ 0 we find
exactly 1 ≤ h ≤ [(−δ− s)/2]. So for any integer h in the desired range
it is possible to find a line bundle L(h) ⊂ M ⊂ E with the required
properties.
The assertion about (semi)stability is almost trivial: E is semistable
(resp. stable) if and only if s(E) ≥ 0 (resp. > 0) if and only if
b(0) = −δ−s ≤ −δ (resp. < −δ) if and only if I (0) is semistable (resp.
stable), where the first equivalence holds by definition and the last one
is [CK, Lemma 3.2]. Moreover b(h) < b(0) for any 1 ≤ h ≤ [(−δ−s)/2]
hence I (h) is stable, if b(0) ≤ −δ, again by [CK, Lemma 3.2]. q.e.d.
Remark 1. It follows immediately from the proof and from Fact 2(iii)
that the estimate of the indices in the Theorem is sharp. Indeed, if
there were an index b > b(0) for which the theorem were true, one
should have a line subbundle L ⊂ E of degree strictly greater than
that of a maximal line subbundle, which is a contradiction. On the
other hand, if b < b([(− deg(N )− s(E))/2]) and is of its same parity,
b is negative and so it cannot be the index of a generalized line bundle.
Corollary 1. If g¯ ≥ 2 and g ≥ 4g¯−2, then M(2, e) is not an irreducible
component of M(OX , Pd). More precisely it is contained in
m⋂
j=0
j≡m (2)
Z¯j,
with m = − deg(N ) − g¯ + 1 if e − g¯ is odd and m = − deg(N ) − g¯
if e− g¯ is even. Moreover, it is not contained in any other irreducible
component.
Proof. The hypotheses are the same of the Theorem, so it follows imme-
diately from it and from Fact 2(ii) that M(2, e) is contained in
m⋂
j=0
j≡m (2)
Z¯j .
The last assertion is a trivial consequence of the Remark. q.e.d.
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